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NUMERICAL NON-SIMULTANEOUS BLOW-UP FOR A
REACTION-DIFFUSION SYSTEM WITH THREE COMPONENTS

EDJA KOUAME BERANGER !, N'GUESSAN YAO MATHIEU 2, NGUESSAN KOFFI ® AND
TOURE KIDJEGBO AUGUSTIN *

ABSTRACT. This paper deals with the study of a numerical approximation of a
reaction-diffusion system with three components. Under some assumptions, we
prove that the solution of a semidiscrete form of above problem blows up in a finite
time and estimate its semidiscrete blow-up time. We show that the semidiscrete
non-simultaneous blow-up occurs. We also establish that the semidiscrete blow-
up time converges to the theoretical one as the mesh size tends to zero. Finally,
we give some numerical experiments to illustrate our analysis.

1. INTRODUCTION

Consider the following nonlinear parabolic system
ut(x,t) = ugz(x,t), (x,t) € (0,1) x (0,7,
ve(x,t) = vap(x, t), (z,t) € (0,1) x (0,7,
wi(x,t) = Weg(z,t), (x,t) € (0,1) x (0,7),
—uy,(0,t) = uP(0,t) + vP12(0,¢t), t € (0,T),
—v5(0,t) = vP2(0,t) + wP*3(0,¢t), t € (0,T),
—w,(0,t) = wP*3(0,t) + uP*(0,t), t € (0,7), (1.1)
ug(1,t) = uP(1,¢) + 0P2(1,¢), t € (0,7),
vz (1,t) = vP22(1,t) + wP(1,¢), t € (0,7),
wy(1,t) = wPB(1,t) + uP(1,t), t € (0,7),
u(z,0) = up(z),v(z,0) = vo(z), w(z,0) = wo(z), = € (0,1),
where pi11, p22, P33, P12, P23, P31 > 0; ug(z), vo(x) and wy(x) are positive smooth
functions satisfying the compatibility conditions.
Problem (1.1) comes from chemical reactions, heat transfer, where uy(x), vo(z) and
wop(x) represent the thickness of three kinds of chemical reactants, the temperatures
of three different materials during a propagation. Phenomena of blow-up and non-
simultaneous blow-up for nonlinear parabolic systems have been studied by several
authors (see [2]-[6]). In [3] the authors have shown that only one component of the

solution (u,v,w) of (1.1) blows up in a finite time 7" > 0. If (p22 < 1, p33 < 1 and
p31+1 < p11), then only u blows up for every positive initial data. Also, if (p;; < 1,
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pss < 1 and p1a+1 < p92), then only v blows up for every positive initial data and if
(p11 <1, paa <1 and pa3 + 1 < p33), then only w blows up for every positive initial
data.

They have also proved that only one component of the solution (u,v,w) of (1.1) re-
P22 — , then,

P12+ 1 —poo
for every initial data, u and v blow up simultaneously at 7" while w remains bounded

-1
1)1177 then’
, _pa+1—pn
for every initial data, u and w blow up simultaneously at T" while v remains bounded

P33 — 1
pos + 1 —p33’
then, for every initial data, v and w blow up simultaneously at T" while u remains
bounded up to time T
We say that the solution (u,v,w) of (1.1) blows up non-simultaneously in a finite
time T" > 0 when one or two of its three components blow up at T" while the others
remain bounded on [0,7).
But these authors do not provide us with exact value of the non-simultaneous blow-
up time of the solution of problem (1.1)although necessary for the work of some
engineers. This is why we opt for a numerical study of this problem to determine
good approximate values of the non-simultaneous blow-up time of its solution. In
this paper, we are interesting in the numerical study of the above problem. A similar
study has been undertaken in ([1]).
Let I > 3 be a positive integer and let h = 2. Define the grid z; = (i — 1)h
with ¢ = 1,...,I. Approximate the solution (u,v,w) of (1.1) by the solution
(U (1) = (U0, DR Vilt) = (V). ... Va())T Walt) = (W (1), ... Wi(0))T)
and approximate the initial data (ug, v, wp) of the same problem by
(V1h = W15 V10T Won = W1, Y2 )T 030 = (W31, .., ¥31)T) of the fol-
lowing system of ODEs which is obtained using the finite difference method.

mains bounded. If 1 < poo < p1a+1,p11 < 1,p33 < 1,and p3; <

up to time 7. If 1 < p11 <p31 +1, paa <1, p33 < 1, and pa3 <

up to time 7. Finally, if 1 < ps3 < pas+1, p11 < 1, pa2 < 1, and p1a <

UL(t) = 82Ui(t) + a; (UM () + VP2(t)), i=1,...,1, t€(0,Ty), (1.2)
VI(t) = 5 V( )+ ai (VP2(t) + WPB(t), i=1 I, t€(0,Ty), (1.3)
Wi(t) = 8*Wi(t) + a; (W () + U (1), i=1,...,1, t€(0,Ty), (14)
Uz(o) - ¢1,ia V;,( ) - w2,17 WZ(O) = ¢3,7§7 1= 17 717 (15)
where
P11, P22, P33, P12, P23, P31 =0, Y14, o4, 3, >0, i=1,...,1,
Ui—1(t) = 2U;(t) + Ui (t .
S2U;(t) = (*) h2) +(),2<z<1—1,te(0,Th),
2Us(t) — 2U4 (1) 2011 (t) — 2U;(2)
82U, (t) = = , 62U (t) = - t € (0,Ty),
2 2
alzﬁ,alzﬁ,anda,—o,z—l I —1
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The paper is organized as follows. In section 1, using the finite difference method
we construct a semidiscrete scheme of the continuous problem. In section 2, we
give some properties concerning the semidiscrete scheme. In Section 3, under some
conditions, we prove that the solution of a semidiscrete form of the continuous
problem blows up in a finite time and estimate its semidiscrete blow-up time. In
section 4, we propose the criteria of the non-simultaneous blow-up of the semidiscrete
scheme. In Section 5, we show the convergence of the semidiscrete blow-up time to
the theoretical one when the mesh size goes to zero. Finally, in the last section, we
give some numerical experiments for a best illustration of our analysis.

2. PROPERTIES OF THE SEMIDISCRETE SCHEME

In this section, we give some properties of the problem (1.2)—(1.5).

Definition 2.1. We say that (U, Vi, Wa) € (C*([0,T}), ]RI))3 is a lower solution
of (1.2)(1.5) if

Ui (t) < 8°Ui(t) + ai(UP (t) + ViP2 (1), i=1,...,1, t € (0,T3),
Vi (t) < 8°Vi(t) + as(ViP2 (1) + WP (1)), i=1,....1, t € (0,Ty),
WL) < EWilt) + ai( Wi (8) + UP (1), i =1L,.... I, L€ (0,Ty).

0< Uy(0) < 14, 0 < Vi(0) < s, 0< Wil0) < s, =101,
where (Up, Vi, W) is the solution of (1.2)—(1.5). On the other hand, we say that

(Un, Vi, W) € (C*([0, Th),RI))3 is an upper solution of (1.2)—(1.5) if these inequal-
ities are reversed.

The following lemma is the discrete form of the maximum principle.

Lemma 2.1. Let ¢y, by, On, i, i, pn € CO([0,T1), RT) and Uy, Vi, W, € CH([0, Th,), RT)
such that

UL(t) — 82Ui(t) — (U (L) — bit)Vi(t) =0, i=1,....1, t € (0,T}),

V/(t) = 8Vilt) — 6:(0)Ui(t) — a()Vi(t) 2 0, i=1,.... 1, t € (0,Th),

W (t) = 8*Wi(t) — pa()Wi(t) — pi(t)Vi(t) > 0, i = I, t€(0,Th),
Ui(0) >0, Vi(0) =0, W;(0) >0, z:l, LI

Then we have
Ui(t) 20, Vi(t) 20, Wi(t) 20, i=1,...,1, t € (0,1}).
Proof. Let Ty < Ty, and let (Hp(t), Lp(t), Ju(t)) = (eS U (1), eStVy (1), eS Wi (1))
where € is a real. We find that (Hp(t), Ly (t), Jn(t)) satisfies the following inequalities
Hi(t) = 0°Hi(t) — (i(t) + &) Hi(t) = bi(t) Li(t) > 0, i=1,....1, t € (0,Tp),
Li(t) — 6°Li(t) — (6:(t) + &) Li(t) — mi(t)Ji(t) 2 0, i=1,...,1, t €(0,T}),
Ji(t) = 82 Ji(t) — (ma(t) + &) Ji(t) — pi(t)Hy(t) > 0, i=1,...,1, t € (0,Tp),
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Set m = min {miny <;<; sefo,7) Hi(t), ming<icq sefo,r) Li(t), ming<ic s pejosmy) Ji(t) }- Since
fori=1,...,1, H;, L; and J; are continuous functions on a compact, we assume
that m = H;,(t;,) for a certain i = 1,..., 1.

Assume m < 0 and £ < 0 such that

(Cio (tio) + 5) <0, (91'0 (tio) + 5) <0 and (:UJio (tio) + f) <0

If ¢t;, = 0, then H;,(0) < 0, which contradicts (2.4), hence t;, # 0.
if 1 <igp < I, we have

. Hi (tiy) — Hiy(ti, — k)
H, (1) = Jim Ml = ol
With a straightforward computation we get

Hz(o (tio) 52 Z0 (tlo) (Clo (tlo> + §) 10 (tlo) - bio (tio)Lio (tio) <0,
but this inequality contradicts (2.1) and the proof is completed. O

Lemma 2.2. Let (Uy, Vi, W), (Up, Vi, Wy) € (C’l([O,Th),RI))3 be lower and

upper solutions of (1.2)—(1.5) respectively such that,
), Wi

<0 and 6*H;y(t;,) > 0.

(Un(0), V4 (0), Wx(0)) < (Un(0), Vi(0), Wi (0)). Then
(Un(t), Vi (t), Wa(t)) < (Un(t), Va(t), Wi(t)).
Proof. Let us define (Hp(t), Ln(t), Jun(t)) = (Un(t), Va(t), Wi (1)) = (Un(t), Va(t), Wa(?)).
By a straightforward computation and using the Mean value theorem, we obtain
Hj(t) = §*Hy(t) — praai(0;(0)P" " Hit) — proas(ui(8))"2 ' Li(t) 2 0, i = 1,..., 1, (2.5)
Li(t) = 0% Li(t) — paoai(py(£)P 7 Li(t) — pasai(p;(£))P* 1 Ji(t) > 0, i =1,...,1, (2.6)
JU(t) — 82 T:(t) — pazai(p; ()P 1T (1) — ps1ai(0;(4))P T H(8) 2 0, i = 1,..., 1, (2.7)
H;(0) >0, L;(0) >0, J;(0) >0, i=1,...,1, (2.8)
where ;(t), u1;(t) and p;(t) lie, respectively, between Uy (t) and U;(t), between Vj(t)
and V;(t) and between W;(t) and W;(¢) fori=1,...,1.
We can rewrite (2.5)—(2.7) as
Hi(t) = 6°H(t) — ci() Hi(t) = bi(t) Li(t) > 0, i=1,....1, t € (0,Ty),
Li(t) — 6% Li(t) — 0;(t)Li(t) — ki(8)Ji(t) =0, i=1,...,1, t € (0,T}),
Ji(t) = 82 0i(t) — pi(OKi(t) — pi()Hi(t) 20, i=1,....1, t € (0,Tp),
(

where ¢;(t) = p11d;(0 ( )P by(t) = P12a; (1 (1))~ L0 ( ) = pasai(p;(£))P> 71,

ki(t) = pasai(p; ()P4, pa(t) = pasai(p(t))Ps~* and Pz( ) = paia;(0;(t))P»~*, for
i=1,...,1,Vt € (0,T)). According to Lemma 2.1, H;(t) > 0, L;(t) > 0, J;(t) > 0
fori=1,...,1,Vt € (0,T,) and the proof is completed. O

The next lemma gives the properties of the semidiscrete solution.

Lemma 2.3. Let (Up, Vi, Wp) € (Cl([O,Th),RI))3 be the solution of (1.2)—(1.5)
with an initial data

(¢1,h7¢2,h7¢3,h) lower solution such that 0 < 7,/J1,2' < wl,i—&-l; 0< 1,/}2,2' < wQ’Z’_H and
0<3; <341 fori=1,...,1 —1. Then we have
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(D): (Ui#), Vi(t), Wi(t)) > (Y14, %26, ¢3:) >0, i =1,..., 1, t € [0,Th);

(ii%= (U;+1(t)7W+1(t)aWz‘+1(t)) > (Ui(t), Vi(t), Wi(t)), i = 1,..., 1 =1, t €
0,7T3);

(i) (U6, VI (0, W/ (5) > 0, i = 1,... 1, 1 € [0.Ty).

Proof. (i) Since (11,1, %24, %3,n) is a lower solution of (1.2)—(1.5), by the Lemma 2.2
we have

(Ul(t)v V;(t%WZ(t)) 2 (¢1,i7¢2,i7¢3,i) > Oa 1= 17 e 7I> te [O>Th)

(ii) We argue by contradiction. Assume that ¢g is the first ¢ > 0, such that
(Gi, Qi, M;)(t) = (Uig1 — Uy, Vigr — Vi, Win = Wy)(t) > 0, for 1 <i< I —1, but
Gi(to) = Uig+1(to) — Uiy (to) = 0 or Qi (to) = Vig+1(to) — Vig(to) = 0 or M;,(to) =
Wiy+1(to) — Wigto) = 0 for a certain ig € {1,...,I — 1}, t € (0,tp). Assume that
G, (to) = Ujy41(to) — Uiy (to) = 0. Without loss of generality, we assume that ig is
the smallest integer which satisfies the above equality. We have

G“ﬂ:Uﬂﬂ—ﬂgﬂ+Uﬂﬂ_<%M®%%Mﬂ_2¢@%ﬂ+wm@0’
Gxﬂ=C“w_2miyy+m”“)—UFKQ_2%S%+M“@%2<i<1—1
() = 22O 2200 DO 2 20000 3 2 ) 4 vpeg),
cy(r) = PO INO 2 gy vpeg)
Q@%=GFK$KQ€§Q+G”NO,2<i<1_2, (2.9)
Gyt = CHO IR0 L )+ V).

According to the hypotheses on ¢y, we have the following inequalities

G (ty) = lim Giy(to) = Gig(to — €)

e—0 €

<0,
Giy—1(to) — 2G4, (to) + Gigy1(to)
h2

Gig+1(to) — 3Gi, (to)
h2

—3Gi, (to) + Gig—1(to)
h2

>0, if 2<io<I—2,

> 0if ig = 1,

>0ifig=1-1,

which implies,
Giy—1(to) — 2G4, (to) + Gigy1(to)
h2

Gigr1(to) = 3Giy(to) 2
h? h

G, (to) —

<0,if 2<ig<I—-2,

Gi, (to) — (UPR(t) + VP2(8) <0, if ig=1,
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—3Gi,(to) + Gip—1(to) 2

h? h
Therefore, we have a contradiction with (2.9), which leads to the desired result.

G, (to) — UPH () + VP2 (1) <0, if dg=1-1.

(iii) Denote R;(t) = U/(t), Si(t) = V/(t) and O;(t) = W/(t), for i = 1,...,I and
t €10,T}). Let to be the first t € [0,T}) such as R;(t) > 0, S;(t) > 0 and O;(t) > 0 for
t € (0,tp), but R;,(to) =0, Si,(to) = 0 and O;,(tg) = 0 for a certain ig € {1,...,1}.
Without loss of generality, we suppose that iy is the smallest integer verifying the
above inequality. We have

R, (o) = lim Riy (to) = Ri(to — €)

e—0 €
52 Ry (t) = Rip-1(to) _QR"];’Q@O) FRiorilto) g i 9 cig<T—2,
2Ry (to) — 2R (t .
0% Ry (to) = 2(0)112 1(fo) > 0if ip = 1,
2R _5(to) — 2Ry _1(t N
2R, (1) = 220) 2] g e, gy,

which implies,
RQO (to) — (52Ri0(t0) — dio (Uipn (t) + ‘/ilgu(t)) <0, if 1<ig<<I—1.
This contradicts (1.2)—(1.5). This ends the proof. O

3. SEMIDISCRETE BLOW-UP SOLUTION

In this section under some assumptions, we show that the solution (Up, V3, Wp,)
of (1.2)—(1.5) blows up in a finite time.

Definition 3.1. We say that the solution (Uy, Vj,, Wp,) of (1.2)—(1.5) blows up
in a finite time if there exists a finite time 7} > 0 such that for all ¢t € [0,T},),
max { | Un(£)[[oc, [IVA(#)[loos [Wh(£)[|oo} < 400 and
Hm ([|Un(t)]loo + [IVa()lloo + [Wa(t)[loc) = 400, where |[[Un(t)[loc = max |Us(t)],
t—T, 1<i<T
IVh(t)|loo = max Vi), [[Wh(t)]eo = max |Wi(t)|. Ty is called the blow-up time
of the solution (Up, Vi, Wh).

In the continuation, we have the conditions of global existence of the solution of
the semi-discrete problem.

Theorem 3.1. The solution (Up, Vi, W) of the system (1.2)—(1.5) exists globally
if
max {p11, p22, P33, P12p2sps1} < 1.

Proof. Suppose max {pi1, p22, P33, pi2p2sps1} < 1 and let Up, V), and W), such
that

Uz(t) — Dek1t+(i71)l1h7 Vz(t) — Eek2t+(i71)lgh7 W@(t) — Fek3t+(i71)13h’
i=1,...,1, te(0,Ty),
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where D, E, F, kj, l; (j = 1,2, 3) are positive constants satisfying

D > max |U;(0)|, E > max |V;(0)], F' > max [IW;(0)],

1<i<I 1<i<T 1<i<I
k1 = kapi2 = kspaspiz > max{®, M, 7},
l1 = lap12 = l3pa3pi2,

and

ko = k3pos,
lo = l3pa3,

2
d == (ellh_ 1_|_h(Dp11 _|_E;D12)/D)7 M = ﬁ (elzh_ 1+h(EP22 _'_FPQS)/E)’

= = (eB3" — 1+ h(FPs + DPs1) /F).
It is not hard to see that for i =1,...,1,

ek1t+(z‘—1)l1h _ ek2p12t+(i—1)l2p12h:ek3p23p12t+(i—l)l3p23}712h.

ekzt-i-(i—l)lzh — ek3p23t+(’i—l)l3p23h.

ekat+(i—1Dish  ~  Jkspaspiepsit+(i—1)lspaspiepsih _ (kipsit+(i—1)lipaih
= )
because (paspiaps1 < 1).

DP1 oy pPi2 > Dp11ek1(p11—1)t+(i—1)11(p11—1)h + EP2 pecause (pn < 1)7

2(l)pu + EP12) /D__ (Dpllekl(pllfl)t+(i*1)ll(1711*1)h +Ep12) /Di

; Ui(t) > 2 ; Ui(t),
Dpi 4 Ep12) /D
SLUESOIT N
(2DP11eklp11t+(i—1)l1m1h + 2Ep12ek1t+(i—1)l1h) /D IR
- e U;(t),
(Dpu + EP12) /DU(t) S 2Dpl1ek1p11t+(i71)l1p11h + 2Ep12ek1t+(i71)l1h
h K3 - h 9
(Dpu + Eplz) /DU( ) - 9 DP11gkiprit+(i—1)lipi1h + 9 FP12 okzpiat+(i—1)l2pi2h
h (] - h Y
(DP 4 B72) /D 207 () + 27 (1)
2 . Ti(t) > y .
By the same way, we prove that fort=1,...,1,

QBT 4 FP2) [B o 2V (1) + 200 (1)
h = h

and
(FPs 4 DPs1) [ __ 2 (1) + 207 (1)
2 - Wi(t) > - .

59
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We have
— 205(t) — 2U1(t)
82U (t) = 3 , t€(0,Ty),
— Ui_1(t) = 2U;(t) + Ui (t ,
U (t) = (*) h2() +(),2<z<1—1,t€(0,Th),
— 2U-1(t) — 2U4(t)
62U1(t) = B2 , te (OaTh)a
- 2Dek1t+(1+1—1)l1h . 2Dek1t+(1—1)l1h
82U, (t) = 3 , € (0,Ty),
- Dek‘lt-‘r(i—l—l)llh _ 2Dek21t+(’i—1)l1h + Deklt-i-(i-i-l—].)llh
(5 Ul(t) - h,2 ’
2<i<I—-1,te(0,Ty),
e 2Dek1t+(1—1—1)l1h _ 2Dek1t+(1—1)l1h
U (t) = % , t€(0,Th),
7= _ elth —1
52U (t) = 2DeMt+(1=Dhh s 1€ (0,Th),
— . _llh _ 2 llh
S2U;(t) = 2DektHi-10ArS 3 T a<i<I—1, te (0,Th),
— _ e hh 1
S2U(t) = 2DeMt+U UllhT, t € (0,Ty),
= elth —1__
(52U1(t) = QTUl(t), te (O,Th),
— cosh (I1h) — 1— .
52Ui(t) = Q(hQ)UZ-(t), 2<i<I—1, te(0,Ty),
_ e_llh — 11—
62U](t) - QTU]<t), t S (O,Th)
By the same way, we also prove that
— el2h —1_
52V1 (t) = 2 2 Vi (t), te (O,Th),
— cosh (loh) — 1— )
52Vi(t) = Q(hQ)VZ-(t), 2<i<I—1, te(0,Ty),
_ e_l2h‘ —1—
52V[(t) - QTV[(t), t S (O,Th)
And
Y olsh _ 1 __
— cosh (I3h) — 1— )
SEWi(t) = 2Twi(t), 2<i<I—1,te(0,Ty),
e—l3h 1

(52W_[(t) = 2TW](t), te (O,Th)
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Fori=1,...,1

)

/

U, (t) = ki Dekrt+(—Dih, Vi’ (t) = kg Eek2tt+(=Dizh 7 (t) = o Fekstt(i=Dish.
t e (0,1p),
which implies that for i =1,...,1
Ti (t) = bUi(t), Vi (t) = kaVii(t), Wi (t) = ksWs(t), t € (0, Th),
then fori=1,...,1,
T, (t) > oU,(t), V; (t)

> MVi(t), Wi (t)>ZW;(t),t € (0,Tp),
which implies that for i =1,...,1,
+h

T ()2 o (" 14 h(DP 4 B92) /D) Ti(r), € (0,0,
V(1) > o (4 1 h(BP2 4 FP) [B) Vi), te (0,Th),
W (1) > % (e — 1 h (FP 4+ D) [F) Wilt), 1€ (0.Th),

which implies that for¢=1,...,1,
((DP*r + EP) /D) Ui(t),  t€(0,Th),

((E™ + FP) [E)Vi(t),  t€(0,Th),

?‘M:‘\wb\w

((FP33 4 DP3) JF) W,i(t), t € (0,Tp).

h—1>cosh(l1h) —1>elth — 1,
h 1> cosh (Ioh) — 1> e lh 1
Ish 1> cosh (I3h) —1>e Bh -1,

and from (?7), (??) and (?7), we obtain

T; (t) > 62T, (t) + % (Uf“(t) +Vf”(t)) . i=1,...,1, te(0,Ty),
Vi (1) >52V()+% (W’”( )+ W )), i=1,...,1, te(0,Ty),
W; (t) > 6%Wi(t) + % (Wp33( )+ TP (¢ )) L i=1,...,1, te(0,Tp).

Therefore, we have the following inequalities

ﬁi,(t)252U()+az(Up VW), =1L e (0T,
V()2 Vi) +a (VIR0 + WIRW), i=1 0 te (0,T),
W, (1) > 6°Wi(t) + (Wp + TP (1) ) i=1,...,1, t€(0,Ty),

U;(0) > U;(0), V4(0) > V;(0), W;(0) > i=1,...,1.
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From Lemma 2.2, we conclude that (U, V, W) is a upper solution of (1.2)—(1.5),
hence the global existence of the solution of (1.2)—(1.5) and the proof is complete. [

Theorem 3.2. Ifmax {p11, p22, P33, p12p23p3i} > 1, then the solution (Uy, Vi, Wp)
of (1.2)~(1.5) blows up in a finite time T},.

Proof. Let (Up, Vi, W},) be the solution of the semidiscrete problem (1.2)—(1.5). If
p11 > 1, pog > 1 or p33 > 1 and if there exists a real a > 0 such that

52¢1i+al p”+al p12 > afa; 1101Z1_|_az 129112)7 i=1,...,1, (3.1)
52 1/)21+al¢p22+a11[)p23 > afay p”ﬂ—aZ p23), i=1,...,1, (3.2)
5w32+a,¢p55+a1 st > (aﬂp]l’“?’—kczZ p31), t=1,...,1, (3.3)

then (Uy, Vi, W},) blows up in a ﬁnite time T},.
We only demonstrate case where p1; > 1.
Let the functions I (t), mp(t) and ny(t) be defined by

In(t) = Uy (t) — a((Un())™* + (Va(?))?*2), t € (0, Th),
ma(t) =V, () — a((Va(?))*2 + (Wi (1)), t € (0,T),
ni(t) = Wi, (8) — a((Wh()P* + (Un(0))7"), t € (0, Th).

(0,
m; (£)—0%m; (t) —pazai (Vi ()P~ mi(8) —pasas (Wi(1))P=2 g () > 0,i = 1,... 1, t €
(0, Th),
n;(t) — 6%ni(t) — pazai(Wi(t))Ps3~ ni(t) — parai(Us ()P ~Hi(t) > 0,0 =1,..., 1, t €
(0,Ty).
Lemma 2.1 permits us to obtain I (t) > 0, my(t) > 0 and ny(t) > 0.
Assume max {p11, p22, P33, P12p23P31} = P11 > 1, since Ix(t) > 0, we obtain the
following inequality
d||Un(t
O @eo > ooy
Hence Uy, blows up in a finite time 7}, and integrating (21) from 0 to 7}, we prove
1—p11
that T}, < [9ralle™
alpn —1)°
Analogously, we show that Vj, and W), blow up in a finite time T}, if pos > 1 and
9h2,n130 " [
p33 > 1. Then, we get T, < ————— and T, < ————.
a(p2 —1) a(psz — 1)

Therefore if p1; > 1, peo > 1, p3z > 1, then (U, Vj,, W},) blows up in a finite time
Ty, and we have

_ 1— —
1 < i [P a7 [l
- alpii —1) " a(pa—1) " alpss — 1)
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Now, assume that max {p11, p22, P33, P12P23P31} = P12p23p31 > 1.
We may assume without loss of generality that infi<j<7e;; > ¢ >0 (j = 1,2,3).

Let (81, B2, 53)T be the solution of

1 —pr2 O B1 1
0 1 —pos Ba|=—1]1
-p31 O 1 B3 1

and denote Ty = SO~ — 1, Us(t) = (S — O — 011, Vi(t) = (S—© — 6t)
Wi(t)=(5S—-06— Ot P fori=1,...,1,t €[0,Ty] ( S, © are positive constants to
be determined). A simple computation shows for i = 1,...,I, t € [0,7p]. Denote
—Pap12 = —P1 — 1, —fB3peg = —P2 — 1 and —fips1 = —fB3 — 1.
U (6) = PU(E) = iU (1) + VP (1)) =

(51@ _ E)(S e — @t) B2p12 _ %(5 —e— @t)—ﬁlpll’

V/ (1) = 0°0i(t) = du(Vi (1) + Wb (1) =

(52@ _ E)(S e — @t) Bapas _ %(S —e— @t)—52p22’

Wi () = 8°Wi(t) — ds (Wil (1) + Ui (1)) =
)(S — © — o) Fps %(S — © — Ot) Furss,

S

(B30 —

Ui(0) = (S —©)7", Vi(0) = (S —©) ™, W(0) = (S —©)™*

Take © to be so small 3,0 < % and S to be so large such that S > © + C_B%',
(j =1,2,3), we have
Us (1) = 6°Us(t) — di(UP (1) + Vi (1)) < 0,

Vi () = 6°Vi(t) — di(ViP?2 () + WP (1)) < 0,
Wi () = 8°Wi(t) — ds (Wil (1) + Ui (1)) <0,

(t

(t
0<U(0) < (S—0) 7, 0<V(0)<(S=0)", 0<W;(0) < (S—0) .

then (Uy, Vi, W},) is a lower solution of (1.2)—(1.5). Since {n%g((Ui(t), Vi(t), Wi(t)) —
Yhs Vi, Wh naxA\LEE), Yalt), Wi

+00. Therefore (%, Vh, %) blows up. This ends the proof. O

Remark 3.1. By integrating the inequality (21) over (¢,7}), we have
1 1
pu = LU I8

a(Ty —t)
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and there exists a constant C1; > 0 such that

S S
1UR(t)]|oo < C11 (T, —t) P11, t € (0,T})

where p1; > 1.
For pgo > 1 and p33 > 1, there exists constants Cyo > 0 and C33 > 0 such that

_ 1
”Vh(t)Hoo < Coo (T, —t) P21 t€ (O,Th)

where pag > 1.

_ 1
IWh(t)lloo < Cs3 (T}: - t) 787l e (0,T))

where ps3 > 1.

4. NON-SIMULTANEOUS BLOW-UP

We consider (U, Vi, W3) to be the solution of (1.2)—(1.5).

Definition 4.1. We say that the solution (Uy, Vi, W3) of (1.2)—(1.5) blows up
non-simultaneously in a finite time T, > 0 when one or two of its three components
blow up at 7} while the others remain bounded on [0, 7},).

4.1. Only one component blowing up. In this subsection, we give the results
on only one component blowing up for every initial data.

Theorem 4.1. Assume p11 <1, pao < 1 and pas + 1 < p33. Then only W}, blows
up for every positive initial data.

Theorem 4.2. Assume p11 <1, p33 <1 and p1o + 1 < paa. Then only V3, blows
up for every positive initial data.

Theorem 4.3. Assume pao < 1, p33 <1 and p31 + 1 < p11. Then only Uy, blows
up for every positive initial data.

We only prove the theorem 4.1 ( the case for W}, blowing up and Up,V}, remaining
bounded). Theorems 4.2 and 4.3 prove themselves in the same way as theorem 4.1.

Proof. If W), remains bounded, then Vj, would remain bounded for pos < 1, and
hence Uy, would remain bounded for p;; < 1. This is a contradiction to the blow-up
property of solution (U, Vi, W},) since pss > 1.
Consequently Wy blows up in T} and of the remark 3.1, we have fort=1,...,1

1

Wl(t) < (33 (Th — t)7p33 -1 , Vte (O,Th).

Suppose that V;, blows up and I blowing up node. Then, there exists K,C > 0,
to € (0,T}3) such that

P23
VI(t) S KVP2() +C (T —t) P33— 1 Vte (t,Th),
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which implies that

P23
V/(t) C (T, —t) P33—1
< K, Vte (to, T
le22 (t) = VvIPQQ(t) + I, € ( 0 h)7
Vit __Db23
Vplzg (1) < C(Th—t) Ps3—1 4 K Vte(t,Th) because (Vi(t)>1),
I

integrating this inequality from tg to ¢, we obtain

P33 —p23 — 1
Vl(t) S exp In (‘/I(tO)) + ClTh P33 — 1 + KTh ) Vt S (thTh)a and D22 = ]-a
C -1
where C'1 = M and
P33 —p23 — 1
1
P33 —p2g — 1 1 — poo
Vi(t) < | VP2 (ko) + Comy, P33T L KTy, . Yte (to,Th),and poy < 1,
where Cy = (1 —ng) Chet Ky = (1 —pgg) K.
Which is a contradiction with V}, blows up and the proof is completed. O

4.2. Only one component remaining bounded. In this subsection, we discuss
the non-simultaneous blow-up for only one component remaining bounded up to the
blow-up time T},

Theorem 4.4. The case for only U remaining bounded up to T,.

P33 —1
If1 <pgs <ps+1l,pn <1 po <1 andp < ——F——
. pas+1—ps3
initial data, Vi, and Wy, blow up simultaneously at Ty, while Uy, remains bounded up

to time Ty},.

, then, for every

Proof. This proof consists of three steps.

Step 1. V}, and W), blow up simultaneously at Tj,.

First, assume that W}, remains bounded up to time T}, since p11, p2o < 1, Up and
Vi, also remain bounded. This is a contradiction to the blow-up property of solution
(Uh,Vh,Wh) for p3z > 1.

Next, assume that V}, remains bounded up to time T}. Since p11; < 1, there exists a
constant F > 0 such that U;(t) < E for i =1,...,I, Vt € (0,T}), then W}, satisfies

2
Wi(t) < - (WP (t) + EPY), vt e (0,Ty),

because Vt € (0,T},), W;(t) < Wiyi(t) for i =1,...,I (Lemma 2.3).
This implies that
/ P31
2 (), 2

WP (1)

Vit 0,7;
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which implies that

Wit _ 2
WP*(t) ~ h

(L+ EP3Y) ) Vte (0,T,), because (Wi(t)>1).

Integrating this inequality from t to T}, we obtain

1
Wit) > (T, —t) P3= 1, vte(0,Ty),

1
-1

where ¢ = (z (1 + EP31) (p33 — 1)) P33

From (1.3) and (??), we have

P23
2V (t) —2Vi(t) | 2 g3 — 1
Vi 1( ;LQ I()+h V[p22(t)+cp23 (Th—t) p33 — 1 ,te(O,Th),

Vi(t) >

as V}, is bounded, then there exists a constant K7 dependent of A such that
b33
(T —1) P =1, te (to,Th),
b33
Vi) > Ki+ Ko (T, —t) P33— 1 te(ty,Th),

cP23

Vi(t) > Ki+

QP23

with Ky =
Integrating this inequality from %y to T}, we have

P23
T, _
V](Th) > Vj(to) + K (Th — to) + KQ/ (Th — t) p33z — 1 dt.

to

The boundedness of V}, requires pag + 1 < p33, which contradicts pss + 1 > ps33.

Step 2. The upper blow-up rate estimate of V}.
Since ps3 > 1, of the remark 3.1, we have for i =1,...,1

1
Wi(t) < Cs3 (Ty, —t) P33 =1 vt e (0,T).

Also as V}, blows up in T}, let I blowing up node. Then, there exists A,C > 0,
to € (0,T}) such that

D23
Vi) < AVP2(t) + C (T, —t) P33 =1 vie (t,Th),
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integrating this inequality from tgy to ¢, we obtain

P33 — paz — 1
Vi(t) < Vi(to) + AVP#(t) (t — to) — COlpss—1). (T, —t) ps—1 4
P33 —p23 — 1
P33 —p23 — 1
Clps=1) (Th —to) P33—1 | Vie (to,Th),
P33 —p23 — 1
which implies that
p23 + 1 — ps3
Vilt) < Vilto) + AVPE(t) (Th —t0) + < P8~ Y (" p—1  _
p23+ 1 —p33
P23+ 1—p33
Zm (Th — to) P33 — 1 s VYt € (tQ,Th).
Since pag < 1, then V> (t) < Vi(t).

Vi(t)
4

1
Take ¢y such that 1 < Vi(tg) < and A(Ty, —tp) < T then, we obtain

o . P23+ 1 —ps33 o0 . P23 +1—ps3
Vi) < — (p3s — 1) (Th—to) Ps—1 4 (ps3s — 1) (Th—1) Pas—1
P23+ 1 —p33 P23+ 1 —p33
YVt € (t(), Th),
which implies that
P23+ 1—ps33
Vi) <Q(Tn—1) P10 e (.1, (4.1)
2C -1
where Q) = 7@33 ) .
P23+ 1 — ps3

Step 3. Uy remains bounded up to time T,.
Suppose that Uy blows up et I blowing up node.
There exists C’,Q > 0, to € (0,T}) such that from (4.1) and (1.2), we have

P12 (p23+1—ps3)
Uit) <O () + Q (T, — t) P33 — 1 .Vt e (to, Th),

which implies that

P12 (p2s +1—ps3)

Ut) Q(T), — 1) P33 — 1 /
< Vvt € (to, T)
o7 ) o7 (o) Fe et
i P12 (p23 +1 — p33)
pIu( ) < Q(Tp—1t) p3z — 1 +C', Vvte (to, Th)
Ut (t)

because (Ur(t) >1).
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Integrating this inequality from ¢( to t, we obtain, V¢ € (to, T},)
P33 — 1 —p12 (p23 + 1 — p33)

Ur(t) < exp | In (Us(to)) + Q7 pss— 1 +O'T |
st pn =1,
-1
where Q1 = @psz — 1) , and Vt € (tg, Th)
P33 — 1 —p12 (p2s + 1 — ps3)
1
P33 — 1 — p12 (p23 + 1 — p33) 1—pn
Ur(t) < U}_pll(to) + Q2T ps3 — 1 + C1 T, ,
st p1n <1,
where Q2 = (1 —p11) Qi et C1 = (1 —p11) C".
Which is a contradiction with Uy, blows up and the proof is completed. ]
Theorem 4.5. The case for only Vi, remaining bounded up to Tj,.
—1
If]- < p11 < P31 + ]-7 D22 < ]-7 D33 < ]-7 and p23 < pll—7 th@’ﬂ, fOT every
ps1+1—pn

matial data, Up, and Wy, blow up simultaneously at Ty, while Vi, remains bounded up
to time T},.

Theorem 4.6. The case for only Wy, remaining bounded up to T},.

—1
If 1 < paa < pr2+1, p11 <1, p33 <1, and p31 < p22—, then, for every
pr2+1—pa

iatial data, Up and Vi, blow up simultaneously at Ty, while Wy, remains bounded up
to time Ty},.

Theorems 4.5 and 4.6 prove themselves in the same way as Theorem 4.4.

5. CONVERGENCE OF SEMIDISCRETE BLOW-UP TIME

In this section, first under some assumptions, we show that the solution of the
semidiscrete problem converges to the solution of the continuous problem. Then, we
prove that the semediscrete blow-up time converges to the theoretical one when the
mesh size tends to zero. Before, we denote

up(t) = (w(xy,t), ... u(xznt)?, op(t) = (v(x,t),. .. v(zr, )T,
wp(t) = (w(zy,t),...,wz,t)T.

Theorem 5.1. Assume that the problem (1) has a solution (u,v,w) € (C** ([0,1] x [0, T*}))S
and the initial data (Y1.p, Y2 h,Psn) at (1.5) satisfies

[¥1,n = un(0)lloo = o(1),  [[Y2,n = vr(0)lloc = o(1), [[¥3h — wa(0)]loo = 0(1), h — 0(5.1)
Then, for h sufficiently small, the problem (1.2)—(1.5) has a unique solution (U, Vy, Wy) €
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(Ct ([0, 17], RI))3 such that, as h — 0

S 1UR(t) = un(®)]loo = O([[¢1,n — un(0)[loc + [[¥2,n — v (0)[loo + b3, — wi(0)[lco + h),

e VA (t) = on(®)lloo = OCI¥rn = un(0)lloc + [1¥20 = va(0)loo + l[¥s,1 = w(0)lloc + R),

hax [1Wa(t) = wn®)lloo = OlY1n = un(0)lloc + Y2 = vn(0)lloc + [1¥3,0 = w0 (0)lloc + h)-

Proof. Let ¢ > 0 be such that
(lulloos 1vlloos lwlleo) < €5 ¢ € [0,T7]. (5.2)
Let t(h) < T* be the greatest value of ¢ > 0 such that
max {[|Un(t) — un(t)lloos [Va(t) = vn(t)lloos [[Wh(t) —wa()]lec} < 1, T € (0,¢(h)) (5.3)

The relation (5.1) implies ¢(h) > 0 for h small enough. Using the triangle inequality,
we obtain

[Un(@)lloe <14¢, [[Va(t)lloo < 14 ¢ and [[Wp(f)]loo < 14 ¢ for £ € (0,2(h)).(5.4)
Let (8171',6271,6371')@) = (Ul — Ui,‘/;' — 'UiaWi — U}Z)(t) fOI‘ ) = 1, e ,I, Vt S [O,T*] be

the discretization error. These error functions verify
ehi(t) = 6%e1i(t) + priai(si(t)P leri(t) + praai(Xi(t))P?ea i (t) + O(h),
eh,i(t) = 6%e2,i(t) + parai(Ni(t))2e2,i(t) + pazai(0i(t))P*  esi(t) + O(h),
¢5,4(t) = 0%es,1(t) + pasai(0i()P ez i(t) + parag(sit))P~ 161 i(t) +O(h)

where ¢;(t), A\i(t) and p;(t) lie, respectively, between U, (¢ ) and u(z;,t), between V;(?)
and v(z;,t) and between W;(t) and w(z;,t), for i = 1,...,I. Using (5.2) and (5.4),
there exist N1 and N, positive constants such that

el 4(t) < 6%e1i(t) + a;Nileri(t)| + a;Nileg:(t)| + Noh, i=1,....1, t€[0,T%
e ;(t) < 6%e9i(t) + a;Nileai(t)| + a;Nilesi(t)| + Noh, i=1,...,I, t€[0,T7]
egﬂ»(t) < 52637i( ) +a;iNilesi(t)| + aiNileri(t)| + Noh, i=1,...,1, te][0,T7].
Let (f,9,q9) € (C*'([0,1], [0,T*]))3 be such that

F@,t) = (10 = wn(0)loo + 12,0 = v(0)loo + 1¥93,0 = wh(0)||oo + Nah) e(Cot2ltta?=s
and f = g = ¢, Y(z,t) € [0,1] x [0,T7], with C3, Ny positive constants. By the
Lemma 2.2, we show that

(leri@)]; le2,i ()], lesi (D)) < (f (@i 1), g(wist), qlwist)) with 1 <i < T for t € (0,¢(h)).
Thus we get
[UR(t) — un(t)[lo <

(11,0 — ur(0)[loo + %20 — VR (0)||o + Ilth3. — W (0)||oe + Nah) elC5+2)E,
Vi (t) = vp(t) |00 <

(11,0 — wn(0)[loo + 92,0 — vR(0)||o + [|th3.5 — Wi (0)[|oe + Nah) e(C3+2)t,
[Wh(t) — wi(t)]|oo <
(I¥1,h — wh(0)[|oo + 122, — v4(0)[loo + ¥3,h — wh(0) |0 + Noh) el T2,
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where t € (0,¢(h)). Suppose that t(h) < T*. From (5.3), we obtain

1= |Un(t(h)) — un(t(h)) ]l <
(915 — un(0)lloo + %2 — v (0)lloo + 03,0 — wa(0)]lc + Nah) elCa+2HR),

Since the term on the right hand side of the above inequality goes to zero as h tends
to zero, we deduce that 1 < 0, which is impossible. Consequently ¢(h) = T™* and we
conclude the proof. O

Theorem 5.2. Suppose that the problem (1.1) has a solution (u,v,w) which blows
up in a finite time T such that (u,v,w) € (CH1([0,1] x [0,T)))3 and the initial data
at (1.5) satisfies (5.1). Under the assumption of theorem 3.2, the problem (1.2)(1.5)
has a solution (Uy, Vi, Wy) which blows up in a finite time Ty, and we have

lim T}, = T.
h—0

Proof. Set ¢ > 0, there exists v > 0 such that

ylfpu o

apn-1 Sz TSV (5.5)

Since u blows up in a finite time 7, there exists a time T} € (T — ¢/2;T) such that
h+T

(-, )| > 27 for ¢ € [T}, T). Denote Ty — —-

SuPyeo,1y] [u(+t)[loo < o0. It follows from Theorem 5.1 that for A sufficiently small

, we see easily that
sup |[Un(t) = un(t)]loo <.
t€(0,T>]
Applying the triangle inequality, we get
1UR(T2)lloo = llun(T2)lloo = IUA(T2) — un(T2)l|sc > -

From Theorem 3.2, Up, blows up at the time T}, . We deduce from Remark 3.1 and
(5.5) that

U (T 1—-p11
Ty, —T| < |Th—T2|+|T2—T|<M+f<U-
a(pi; — 1) 2

Q

Cases where V},, W}, blows up is analogous. ]
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6. NUMERICAL EXPERIMENTS

In this part, we present some numerical approximations to the non-simultaneous
blow-up time of (1.1). We consider the following explicit scheme

n 2At, n 20, - (n 2At, n n
U( +1) <1 o )Ul )+ U2 )_|_ ((Ul( ))pu + (Vl( ))1012>7

1 2 2 h
o ettt (1T ol Gt 2sisro
Ut = 2?” U+ (1 ~ 2§f”> U + 2Aht” (@ + vy,
v = (1 2 v 4 2 4 2 (e ),
yt) Ah’; yon | (1 2? )%(”) Ahtz v o <i<r -1
v = 2R (1= 2 ) v 4 2 (e ).
Wi = <1 225") Wi 4 2wl 4 220 (s 1 o),
W _ Ahé WA (1 _ 2;%) W 4 Ahi WD, a<i<r
Wyt = 22'5 "+ (1 — 2%") Wi + QAht” (w4 @iy,

= Vi, AR V2, Wi(O) =3, 1<i<1,

VA
where n > 0, p11,p22, P33, P12, P23, P31 > 0,

Atn,l =

Th n)l— n) n) n n

Srmin { U IV I IV P, IR I, W I, [ 1P
h2

At,, = min ?,Atml for0<7<1.

We also consider the implicit scheme

2At, 1 2At, 1 2At, n

(14250 ol = 20t — w4 258 (W 4 ().

(*ﬁ)Ui(q—Tl) 4 (1 N 2§tn> D) _ (A;n)UZ(:LL#) _u™, 9<i<i-1

(_?)Uj(fﬁl) < 2 > UI( +1) _ UI( ) 4 — ((UI( ))pu + (VI( ))pm) ’
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2At, n 2At,  (n n 2At, n n
<1+ o~ )Vl( +1) 5 VZ( +1) _ Vl( )_|_ - ((Vl( ))p22 4 (Wl( ))ms),

h
L (R L e e

Atn n+1 2Atn n+1 n 2Atn n n
(_?)Vf(—i )+ <1+ = >VI( +1) _ VI( ) 4+ - ((VI( ))pzz +(WI( ))p23),

<1_|_ t )W( +1) Qt WQ( +1) _ Wl( )+ t ((Wl( ))p33 —|—(U1( ))2931)7

h2 1 h h
Atn. (n 2AE,\ - (n Aty o : |
(—ﬁ)Wi(_fl) + (1 + 03 ) Wi( +1) (T)Wi(ﬂﬂ) _ Wi( ) 9<i<I-1

oD (1+ )W} o 4 22 (wps + @),

U0 =g VO =y, WO =y, 1<i<I,

1
where n > 0, p11,p22, P33, P12, P23, P31 > 0,
At, =

Th . n)l— n)l— n)1— n)l— n)l— n)l—
Srmin { U IV A VR W AP W, O AP

for 0 <7< 1.
In both cases, we use : 7 =h, P1; = to; =3, = ((i — 1)h)}, i=1,...,1I.

In the tables 1-12, in rows, we present the numerical non-simultaneous blow-up
times, numbers of iterations, the CPU times and the orders of the approxima-

tions corresponding to meshes of 16, 32, 64, 128, 256, 512. The numerical non-
simultaneous blow-up time 7" = E;:& At; is computed at the first time when

Aty = |T™ — T < 10716, The order(s) of the method is computed from
o — 08((Tan — Ton) /(Ton — Th))

log(2)
First case : (p11,p22, P33, P12, P23, P31) = (4;1/2;1/4;4;6;2).

TABLE TABLE

1. Explicit Euler 2. Implicit Euler

method method
I ™ n CPUt | s I ™ n CPUt s
16 | 0.041898128 | 200 0.05 - 16 | 0.044008703 | 202 0.06 -
32 10.037901493 | 452 0.09 - 32 | 0.038556888 | 455 0.09 -
64 | 0.036665418 | 1172 | 0.38 | 1.69 64 | 0.036845859 | 1176 3.34 | 1.67
128 | 0.036296227 | 3513 | 2.08 | 1.74 128 | 0.036343378 | 3418 | 25.02 | 1.77
256 | 0.036188702 | 11891 | 13.73 | 1.78 256 | 0.036200741 | 11897 | 242.02 | 1.82
512 | 0.036157985 | 43602 | 108.88 | 1.81 512 | 0.036161026 | 43610 | 5634.52 | 1.84
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Second case : (p11, P22, P33, P12, P23, P31) = (1/254;1/4;2;2;2).
TABLE TABLE
3. Explicit FEuler 4. Implicit Euler
method method
I " n CPUt | s I e n CPUt
16 | 0.054001945 | 213 0.05 - 16 | 0.056116881 | 215 0.08
32 | 0.049910667 | 501 0.13 - 32 | 0.050553087 | 504 0.14 -
64 | 0.048644971 | 1361 044 |1.69 64 | 0.048821084 | 1365 4.61 1.68
128 | 0.048267027 | 4264 | 2.53 | 1.74 128 | 0.048313043 | 4269 | 28.50 | 1.77
256 | 0.048157102 | 14886 | 17.06 | 1.78 256 | 0.048168855 | 14893 | 296.22 | 1.81
512 | 0.048125759 | 55577 | 124.53 | 1.81 512 | 0.048128728 | 55585 | 7219.93 | 1.85
Third case : (p11, p22, P33, P12, P23, P31) = (1/4;1/254;4;2;4).
TABLE TABLE
5. Explicit Euler 6. Implicit FEuler
method method
I " n CPUt | s I e n CPUt
16 | 0.044858762 | 203 0.03 - 16 | 0.046934645 | 206 0.05
32 | 0.040878827 | 466 0.09 - 32 10.041516476 | 469 0.11 -
64 | 0.039646397 | 1226 | 0.42 | 1.69 64 | 0.039821621 | 1230 3.40 1.68
128 | 0.039277697 | 3726 | 2.36 | 1.74 128 1 0.039323497 | 3732 | 24.72 | 1.77
256 | 0.039170208 | 12741 | 14.73 | 1.78 256 | 0.039181907 | 12747 | 263.20 | 1.81
512 | 0.039139487 | 47001 | 109.63 | 1.81 5121 0.039142443 | 47008 | 5817.09 | 1.84
Fourth case : (p11, p22, P33, P12, P23, P31) = (1/2;2;1/4;2;4;1/2).
TABLE TABLE
7. Explicit Euler 8. Implicit FEuler
method method
I ™ n CPUt s I T n CPUt S
16 | 0.152103798 | 656 0.11 - 16 | 0.154375956 | 660 0.11 -
32 | 0.146438502 | 1606 0.28 - 32 |0.147088116 | 1611 0.33 -
64 | 0.144697707 | 4561 1.39 | 1.70 64 | 0.144870842 | 4568 16.31 1.72
128 | 0.144180521 | 14826 869 |1.75 128 | 0.144225200 | 14835 101.13 | 1.78
256 | 0.144030644 | 53035 | 61.02 | 1.79 256 | 0.144041998 | 53045 | 1067.52 | 1.82
512 | 0.143988023 | 200702 | 447.20 | 1.81 512 1 0.143990887 | 200713 | 23534.97 | 1.84
Fifth case : (p11,p22, P33, P12, P23, p31) = (4;1/4;1/10;4;1/4;4).
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TABLE TABLE
9. Explicit FEuler 10. Implicit
method Euler method
I ™ n CPUt | s I Al n CPUt s
16 | 0.050491301 | 210 0.05 - 16 | 0.052435320 | 212 0.08 -
32 | 0.046596522 | 491 0.09 - 32 | 0.047189977 | 494 0.13 -
64 | 0.045382351 | 1322 | 0.42 | 1.68 64 | 0.045545720 | 1326 3.36 1.67
128 | 0.045017496 | 4108 | 2.63 | 1.73 128 | 0.045060291 | 4114 | 26.73 | 1.76
256 | 0.044910860 | 14267 | 17.27 | 1.77 256 | 0.044921805 | 14273 | 279.23 | 1.81
512 | 0.044880339 | 53101 | 120.88 | 1.80 512 | 0.044883107 | 53109 | 6306.59 | 1.84
Sixth case : (p11,p22, P33, P12, P23, P31) = (1/4;1/2;4;1;4;4).
TABLE TABLE
11. Explicit 12. Implicit
Euler method Euler method
I ™ n CPUt | s 1 A n CPUt S
16 | 0.048715903 | 208 0.05 - 16 | 0.050750286 | 210 0.08 -
32 10.044733875 | 482 0.13 - 32 | 0.045357772 | 485 0.13 -
64 | 0.043497195 | 1288 | 0.41 | 1.69 64 | 0.043668819 | 1293 3.36 1.67
128 | 0.043126812 | 3975 | 2.28 | 1.74 128 | 0.043171711 | 3981 | 27.91 |1.76
256 | 0.043018821 | 13735 | 15.67 | 1.78 256 | 0.043030295 | 13741 | 314.56 | 1.81
512 | 0.042987966 | 50973 | 115.31 | 1.81 512 | 0.042990866 | 50981 | 6439.55 | 1.84

In the following, we also give some plots to illustrate our analysis. For the different
plots, we used both explicit and implicit schemes in the case where I = 32.
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FIGURE 1. (Explicit scheme): The component U blows up and the

components V3, and W}, are bounded.
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FIGURE 2. (Implicit scheme): The component U blows up and the
components V3, and W}, are bounded.
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FIGURE 4. (Implicit scheme): The component V}, blows up and the
components U, and W}, are bounded.
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FIGURE 5. (Explicit scheme): The component W}, blows up and the
components Uy, and V}, are bounded.
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FIGURE 6. (Implicit scheme): The component W}, blows up and the
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x10"2 =
> 6 =
: £
£ s 2
3 5
E E
g
5 5
g 3 g
w w
g 2 £
& ®
E £
5 5
2 2
0
40
2000 3 2000
20 1500 20 1500
1000 1000
o 500 o 500
o o ) Number of space steps i o0 ) Number of space steps i o0 )
Number of time steps n Number of time steps n Number of time steps n
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500

500




NUMERICAL NON-SIMULTANEOUS BLOW-UP FOR A REACTION-DIFFUSION SYSTEM 77

%102

%
"3

Numerical approximation U,
N e s oo oo

Numerical approximation V.
N e s oo

Numerical approximation W,

8o
a

2000 2000

Number of space steps i Number of space steps i

Number of space steps i X X X
Number of time steps n Number of time steps n Number of time steps n

F1cure 8. (Implicit scheme): The components Uy and V}, blow up
simultaneously and the component W}, is bounded.
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F1GURE 9. (Explicit scheme): The component U, and W}, blow up
simultaneously and the component V}, is bounded.
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F1GURE 10. (Implicit scheme): The component U, and W}, blow up
simultaneously and the component V}, is bounded.
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FIGure 11. (Explicit scheme): The components V}, and W}, blow up
simultaneously and the component Uy, is bounded.
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F1GURE 12. (Implicit scheme): The components V3, and W}, blow up
simultaneously and the component Uj, is bounded.

7. MAIN RESULTS

In fact, when:
p2o < 1, p33 <1 and p3; + 1 < p11 only Uy blows up for every positive initial data.
p11 <1, p33 < 1 and pio + 1 < pog only V, blows up for every positive initial data.
P11 < 1, poo <1 and po3 + 1 < p3s only W}, blows up for every positive initial data.
p22 — 1
.  pi2t+1—pao )
U}, and Vj, blow up simultaneously at T}, while W}, remains bounded up to time T,.
pi1— 1
. _pantl-pn )
U}, and W}, blow up simultaneously at T3 while V};, remains bounded up to time Tj,.
p33 — 1
.  pa3+1—ps3 }
Vi, and W}, blow up simultaneously at T}, while U, remains bounded up to time Tj,.
We remark that the non-smultaneous blow-up occurs, which confirms the results
known theoretical of the problem (1.1) (see [3]).
For the tables 1 and 2 with (pll;plg;pQQ;pgg;pgg;p31) = (4, 1/2; 1/47 4; 6; 2), an ap-
proximate value of the simultaneous blow-up time is 0.03.
For the tables 3 and 4 with (pn;p12;p22;p23;p33;p31) = (4; 1/47 1/10, 4; 1/4, 4) an
approximate value of the simultaneous blow-up time is 0.04.

1<py<pia+1 pi1<1,p3 <1, and p3 < ) for every initial data,

1 <pi1 <ps1+1,p22 <1, p33 <1, and p3 <

) for every initial data,

1 <p3z3 <pos+1,p11 <1, pe <1, and pio < for every initial data,
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For the tables 5 and 6 with (pu;p12;p22;p23;p33;p31) = (1/4, 1/2; 4; 1; 4; 4) an ap-
proximate value of the simultaneous blow-up time is 0.03.

For the tables 7 and 8 with (p11;p12;p22;p23;p33;p31) = (1/2, 2; 1/4; 2; 4; 1/2), an
approximate value of the simultaneous blow-up time is 0.1.

For the tables 9 and 10 with (pll;plg;ng;p23;p33;p31) = (4; 1/47 1/10, 4; 1/4, 4) an
approximate value of the simultaneous blow-up time is 0.04.

For the tables 11 and 12 with (pll;pl2;p22;p23;p33;p31) = (1/4, 1/2; 4; 1; 4; 4) an
approximate value of the simultaneous blow-up time is 0.04.

8. CONCLUSION

In this paper, we studied a numerical approximation of a reaction-diffusion system
with three components. First, we have constructed a semidiscrete scheme of the
continuous problem and we have have given some properties of this semidiscrete
scheme such as the blow-up of the semidiscrete solution and we have estimated its
semidiscrete blow-up time. Then, under certain conditions, we have proved that the
semidiscrete non-simultaneous blow-up occurs. In addition, we have established the
convergence of the semidiscrete blow-up time to the theoretical one when the mesh
size tends to zero. Finally, we have given some numerical experiments to illustrate
our analysis.
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